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Abstract. We consider self-similar solutions to mean curvature 
evolution of entire Lagrangian graphs. When the Hessian of the 
potential function u has eigenvalues strictly uniformly between — 1 
and 1, we show that on the potential level all the shrinking soli- 
tons are quadratic polynomials while the expanding solitons are in 
one-to-one correspondence to functions of homogenous of degree 2 
with the Hessian bound. We also show that if the initial potential 
function is cone-like at infinity then the scaled flow converges to 
an expanding soliton as time goes to infinity. 



I. INTRODUCTION 

Let u : R n — ► R be a smooth function. Then L u = {(x, Du(x)) : 
x G R n } defines a graphical Lagrangian submanifold in R 2 ™ = R n © 
R n = C n . On the other hand, any entire graphical Lagrangian 
submanifold in R 2ra can be obtained by such a potential u, up to addi- 
tion of constants. Let 

n(r H n 1 i det(/ n + V=lD 2 u) 
G(D u) = log ■ 



-1 & ^det(I n + (D 2 u) 2 ) 

where I n is the n dimensional identity matrix. The operator G(D 2 u) 
is strictly elliptic and arises in the equation for minimal Lagrangian 
graphs. Namely, L u is a minimal submanifold in R 2n exactly when 
G(D 2 u) is equal to some constant O. In this note, we will consider the 
following two equations for u(x): 



(1) G{D 2 u) - u + ^Vw • x = 0, 

(2) G(D 2 u) + u - -Vu ■ x = 0. 
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Our motivation is that (CEJ) and (j2J) are the defining equations for self- 
expanding and self- shrinking solutions to the Lagrangian mean curva- 
ture flow of entire graphs in M. 2n . We describe this in more detail 
in the next section. We will refer to an entire solution to ([T]) as a 
self-expanding soliton and an entire solution to (T5J) as a self- shrinking 
soliton. 

Definition 1.1. We say that u satisfies Condition A if D 2 u G L°°(IR n ) 
and 

-(1 - S)I n < D 2 u < (1 - S)I n 
for some 5 G (0, 1) where I n is the n dimensional identity matrix. We 
say Uq satisfies Condition B if D 2 u G L°°(IR ra ) and 

u (x) = ^u (Xx) 

for any A > 0. 

We now state our main result 

Theorem 1.1. If u is a smooth self- shrinking soliton satisfying Con- 
dition A, then u is a quadratic. There exists a one-to-one correspon- 
dence between smooth self- expanding solitons satisfying Condition A 
and functions which satisfy Condition A and Condition B. In particu- 
lar, there are infinitely many nontrivial smooth self-expanding solitons 
satisfying Condition A. 

We also obtain a convergence result for the following fully nonlinear 
parabolic equation which arises from the Lagrangian mean curvature 
flow (see §2): 

dU G(D 2 u) 



(3) 



dt 

u(x, 0) = u (x). 
Theorem 1.2. Let uq satisfy Condition A and suppose that 
(4) lim X~ 2 u {Xx) — > U (x) 

A— >oo 

for some Uq{x) as A — > oo. Let u(x,t) and U(x,t) be solutions to 
(J3J) with initial data u (x) and U (x) respectively. Then t^ul^/ix, t) 
converges to U(x, 1) uniformly and smoothly in compact subsets of'MJ 1 
when t — > oo, where U(x, 1) is a self- expanding soltion. 

If we define v(x, s) = t~ x u{\/tx,t) where s = logt and t > 1. Then 
v(x, s) satisfies the following equation 

dv I 

— = G(D 2 v) -v + -Vf • x. 

os 2 
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Theorem 11.21 implies that v(x,s) converges to U(x,l) when s — > oo. 
For mean curvature flow of entire graphic hypersurface, if the initial 
surface is cone-like at infinity, in the sense that the normal component 
of the graph decays to zero at infinity at a certain rate, then the scaled 
mean curvature flow converges to a self-expanding soliton [I] , where the 
monotonicity formula plays an important role. Our method is different 
from [1] and is based on the existence result and the estimates in [2] 
and the uniqueness result in [3J. 

Some interesting examples of non-graphical self-similar solutions to 
Lagrangian mean curvature flow in C n have recently been constructed 
[51E]; also see references therein. 



2. Preliminaries 

We now describe the connections among the elliptic equations (fTJ) 
and (j2J), the parabolic equation (j3J) and the Lagrangian mean curvature 
flow. 

Let F : M n -> R n+m be an embedding of a manifold M n into R n+m . 
Then the mean curvature flow with initial condition F is the equation 



(5) 



dt 

F(x, 0) = F o (x) 



where H(x, t) is the mean curvature vector of the submanifold F(-,t)(M) 
of R 2n at F(x,t). The solution F(-,t) : M n -> R n+m is called self- 
expanding if it is defined for all £ > and F(-, t) has the form 

(6) M t = VtM u foralH>0 

where M t = F(-,t)(M) and yt represents the homothety p i— > ytp, 
p e R n+m . Similarly, F(-,t) : M n -> R n+m is called self- shrinking if it 
is defined for all t < and F(x, t) has the form 



(7) M t = V-t M_i, for all t < 0. 

Now when Fo(x) = (x,Duo{x)) for x e R n defines an entire La- 
grangian graph for some potential Uq : R n — > R, then (jSJ) is equivalent 
to the following fully nonlinear parabolic equation (J3J: 
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In particular, if u is a solution to ([3]) then there exists a family of dif- 
feomorphisms [7J r t : lR n — > MJ 1 such that F(x,t) = (r t (x), Du(r t (x),t)) 
solves (jnj). Now suppose the family F(x,t) satisfies (jSJ). Then we have 

(8) D (u{x,t) -tu f^lj\ = 0, Vt > 0. 
Thus by letting t — 1, we have 

(9) u(x,t) = tu ( -^=,1 J , Vt > 0. 



Using (JB|) and ([9]) we verify directly that u(x, 1) satisfies (JTJ), in other 
words, u(x, 1) is a self-expanding soliton. Similarly, we can derive that 
if F(x,t) is a self-shrinking solution to (jSJ) with corresponding solution 
u(x,t) to (j3J), then u(x,t) satisfies 



(10) u(x, t) = — ( — f=, — 1 ) , V t > 0, 



f 

and u(a;, —1) satisfies (j2J). So m(x, 1) is a self-shrinking soliton. 

Conversely, it is not hard to show that if u(x) solves either ([TJ) or 
([2]), then using Qj or f|T0|) respectively we can generate a solution 
F(x,t) to (111) which is either shrinking or expanding. We illustrate 
this in detail in the expanding case. The case for shrinking solutions is 
similar. Suppose u(x) solves (CD) and define u(x,t) := tu(x/\ft). Then 
as above, the family M t := {(x, Du(x,t)) : x G M n } is easily checked 
to satisfy (J6]). On the other hand, we also have 

du , . / x \ 1 , /-. a; 
= G (D 2 ?i(x,t)) 

where y = xj\ft. In other words, it(x, i) solves ([3]) and by the discussion 
above there exists a family r t such that F(x,t) = (r t (x), Du(r t (x),t)) 
is solution to (jSJ) which is self-expanding. 



3. Proofs of Theorems 



The proof of Theorem 11.11 is to consider the parabolic equation ((3]) 
with Lipschitz initial data. Let us recall the main theorem in [2]: 
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Theorem 3.1. Let uq : M™ — > R satisfy Condition A. Then ([3]) has a 
longtime smooth solution u(x,t) for all t > with initial condition uq 
such that the following estimates hold: 

(i) -(1 - 8)I n < D 2 u < (1 - 5)I n for all t > 0, 

(ii) sup x6R „ \D l u(x, t) | < C(l, 5)/t l ~ 2 , for I > 3 and some C(l,8). 
(Hi) u(x,t) G C°°(M. n x (0,oo)) and u(x,t) converges to uo(x) in the 

Lipschitz norm when t — > 0. 

We will apply Theorem 13.11 and the uniqueness result in [3] for the 
parabolic equation ([3]) to prove Theorem 11.11 The proof consists of the 
following two lemmas. 

Lemma 3.1. Let u : lR n — > M. satisfy Condition A and Condition B. 
Then ([3]) has a unique longtime smooth solution u(x,t) for all t > 
with initial condition uq such that u(x,t) = tu{xj\ft^ 1). In particular 
u(x, 1) is a smooth self-expanding soliton satisfying ([1]). Conversely, if 
v is smooth a self- expanding soliton satisfying Condition A, then there 
exists uq satisfying Condition A and Condition B such that u(x,t) is 
the unique solution of ([3]) with initial condition uq and v = u(x, 1). 

Proof. If Mo satisfies Condition A, then by Theorem 13.11 there exists a 
smooth solution u(x,t) to (J3j) for all t > with initial data uq. It is 
clear that 

U\(x,t) := \~ 2 u(\x, \ 2 t) 

is also a solution to ([3]) with initial data 

u\(x, 0) = \~ 2 u (\x) = u (x) 

where we have used that u satisfies Condition B. Since u\(x, 0) = u , 
the uniqueness result in [3] implies 

u(x, t) = U\(x, t). 

for any A > 0. Therefore u(x,t) satisfies ([9]), and hence u(x, 1) solves 
(CQ). In other words, u(x, 1) is a smooth self-expanding soliton. 

Now suppose that v is a smooth solution to ([T]) satisfying Condition 
A (in fact, it suffices to assume D 2 v is bounded). Define u(x,t) for 
t > by 

u(x, t) = tv 

It is clear that u(x,t) satisfies the evolution equation in ([3]) since v 
satisfies (CQ). Now we claim that the limit of u(x,t) exists when t goes 
to zero. To see this, begin by noting u(0, t) = tv(0) for t > and so 

limu(0,i) = 0. 
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Moreover, it is clear that 

Du(0,t) = ViDv(0) 

and that for any t > 

-(1 - 8)I n < D 2 u(x, t) < (1 - 6)I n 

since 



D 2 u(x,t) = D 2 [tv [ —j= 



1 71 



We may then conclude that for any sequence tj — > there is a subse- 
quence such that w(x,tfcj converges in C 1,a uniformly in compact 
subsets of R n for any < a < 1. This limit is in fact independent of the 
sequence t{. Indeed, let u\ and u<i be two such limits along sequences 
U and t[ respectively. Since u(x,t) is a solution to ([3]), du/dt is also 
uniformly bounded for any t > 0, x G R n . Thus for any x G M n we 
may have 

ti) — u(x, \< C\U — 

for some C independent of i. Letting i — > oo, we conclude that = 
m 2 (x). So for different sequences — > 0, the limit is unique. Let 



u (x) 



Then D 2 u G L°° and we have 



limu(x, t). 



-(1 - 6)I n < D 2 u < (1 - S)/ n 



Further, 



1 



— m (Ax) = — \imtv [—= 



A 2 



A 2 *-o 

liiii I 

i^o V A 



Aa; 



Vi 



v 



f\x 

Wt 



= u (x). 
Therefore Uq satisfies Condition B. 



□ 



Remark 3.1. Lemma 13.11 provides many examples of entire graphical 
Lagrangian self-expanding solitons. For instance, we can choose uq 
such that 

/ n 



u {x) 



diX 



if x x > 



-CL\X 



i=2 



i=2 



2 if xi < 0. 
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If di G (—1 + 5, 1 — 5) for any fixed 5 G (0, 1), then uq satisfies Condition 
A and Condition B and u(x, 1) is a self-expanding soliton which satifies 
(JH). As m is not smooth, u(x, 1) cannot be a quadratic polynomial. 

Next, we show that smooth self-shrinking solitons are trivial if Con- 
dition A holds. 

Lemma 3.2. If v is a smooth solution of (j2J) such that —(1 — 5)I n < 
D 2 v < (1 - 5)I n , then v is a quadratic polynomial. 

Proof. If v is a smooth solution to (j2J), then 



is a solution to (EJ) for t G (0, 1) and m(x,0) = hence Theorem 

13.11 applies to u(x,t) since this solution is unique, and in particular 
\D 3 u(x,t)\ < C for some constant C when £ > 1/2 for any x. But one 
checks directly that 



Now we prove Theorem 11.21 

Proof. Let u(x,t) be the solution to (jHJ) with initial data m satisfying 
Condition A. It is clear that for any A, 



is a solution of with initial data u\(x,Q) = \~ 2 uo(\x) satisfying 
Condition A. By the uniqueness result in j3], we may then apply the 
estimates in Theorem 13.11 to u\(x,t). For any sequence Aj — > oo, con- 
sider the solutions U\.(x,t). For t > 0, it is clear that 





This implies 




□ 



u\(x, t) = X 2 u(\x,\ 2 t) 



D 2 M Al (x,t) = D 2 u(XiX,X 2 t) 



and so by Theorem 13.11 

-(l-5)I n <D 2 u Xt (x,t)< (1-5)1, 
for all x and t > 0, and for t > and / > 3 



n 
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Thus by ([3]) we can also get the following estimates that, for any m > 
1, Z > 0, there is a constant C(m, I, 6) such that 

d m „, „, , „ s /-2-l-2m 



df 



-D l u x . 



< C(m,l,S)Vt 



In particular, there are constants C and C(5) such that 



duy 



Of 



dDu Xt 



Of 



< 



C{S) 



for all t > 0. We observe that 



MAi (0,0) = Ar 2 Mo (0) 



and 



Du Xi (0,0) = \r 1 Du (0) 

are both bounded, thus u Xi (^, t) and .0^(0, t) are uniformly bounded 
in i for any fixed 1 By Arzela-Ascoli theorem, there exists a subse- 
quence Afc^ such that U\ k (x,t) converges smoothly and uniformly in 
compact subsets of W 1 x (0, oo) to a solution U(x,t) of ([3]). Moreover, 
U(x, t) satisfies the estimates in Theorem 13. 11 Since dU /dt is uniformly 
bounded for any t > 0, U (x, t) converges to some function U (x, 0) when 
t — > 0. In particular we have 

U(x, 0) = lim A A T 2 ti (Afc i a;). 

Aj,^— >oo 1 

It is clear that U(x, 0) satisfies Condition A. Similarly as in the proof of 
Lemma 2.1, the hypothesis (jlj) implies that U(x, 0) satisfies Condition 
B. Thus by Theorem 11.11 we know that U(x, 1) is a self-expanding 
soliton, and U(x,t) satisfies (jH])- 

Moreover, notice that U(x, 0) = t/o(x) by (j4]) and £/o(a;) does not 
depend on the sequence Aj, it then follows from the uniqueness result 
in [3] that the solution U (x, t) is also independent of the sequence A, 
and we may write 

u x (x,t) -> U(x,t). 

as A — > oo. In particular, letting A = \ft we have t~ l u(\/ix, t) converges 
to U(x, 1) smoothly and uniformly in compact subsets of M n when 
t ->• oo. □ 

Remark 3.2. The family of Lagrangian graphs (x + at, Duq(x) + 6t) is 
a translating solution to ([5]) precisely when w satisfies 

du 



(12) 



arctan Aj + > 
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for some constant c. In [2] the authors proved that if u is a smooth 
solution to ffT2l) which satisfies condition A, then u is a quadratic func- 
tion. We observe here that this result can also be obtained from the 
uniqueness result in [3] together with Theorem 13.11 Namely, if Uq(x) 
solves ffT2l) then v(x, t) = uq(x — at) + b ■ xt + ct solves ([3]) with initial 
condition v(x, 0) = Uq{x). On the other hand, Theorem 13.11 guarantees 
a longtime solution u(x,t) to ([3]) with initial condition uq for which 
sup^gj^n \D 3 u(x,t)\ — > as t — > oo. Then as u(x,t) = v(x,t) by the 
uniqueness result in [3], sup^^n |-D 3 ii (x — ai)| = sup,,. gM n \D 3 v(x,t)\ — ► 
as t — > oo and we conclude that sup.,, GM „ |-D 3 ii (a;) | = 0, in other words 
uo must be quadratic. 
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